Abstract. We present a limiting absorption principle at zero energy for two-body Schrödinger operators with a long-range potential having a positive virial at infinity. Furthermore, we prove existence of limits (in weighted spaces), as the spectral parameter tends to zero, of all powers of the resolvent. The principal tools of proof are absence of eigenvalue at zero, singular Mourre theory and microlocal estimates. Some elements of the proof will be explained.
Statement of main results
We give an account of some recent results on asymptotic expansion at zero of the resolvent R(ζ) = (H − ζ) −1 of a two-body Schrödinger operator H = −∆ + V on L 2 (R d ); see [5] for details. It is well-known, see [18] , [12] and the more recent work [13] in which further references can be found, that if V (x) = O(|x| −(2+ ) ) with > 0 then such an asymptotic expansion exists. For the 'long-range' case, V (x) = O(|x| −µ ) with µ < 2, much less is known. To our knowledge, the only results on limiting absorption principles for such potentials are [22] and [17] (and [2] for the purely Coulombic case). In [22] only radially symmetric potentials are treated, and though radial symmetry is not imposed in [17] some of the assumptions of that paper appear unnecessarily restrictive. Here we present a complete asymptotic expansion of the resolvent at zero energy, for a much wider class of potentials. Our basic assumption is a sign condition at infinity,
and a similar positive virial condition. For such potentials we prove complete asymptotic expansions (in weighted spaces)
We also show that zero is not an eigenvalue. (This is implicit in (1.2).) We notice that there is no explicit dimensiondependence or fractional/inverse powers in λ.
It is well-known that for 'long-range' potentials that are positive at infinity, zero can indeed be an eigenvalue. This explains one aspect of the condition (1.1). Probably the best intuitive explanation of the result (1.2) is given in terms of the WKB-ansatz for stationary solutions to the Schrödinger equation
Under the condition (1.1) the oscillatory behaviour survives for E ≈ 0, with E > 0 (since (−V )
3) suggests that zero is not an eigenvalue, and also indicates which weights one needs in (1.2). We remark that indeed (1.2) can be proved for d = 1 by WKB-methods, see [22] , which can also be used to prove optimality of the weights in the results below.
Let us state our main results precisely. Let 0 < θ < π and define
We have the following limiting absorption principle at zero energy for a Schrödinger operator
Although we shall not elaborate here, it is enough to impose the conditions (1) and (3) near infinity.
, be a real-valued potential. Suppose there exists 0 < µ < 2 such that V satisfies the conditions (1)-(6) below.
(1) There exists 1 
for |x| > R. 
and the limits
Next, we have existence of limits for powers of the resolvent. The asymptotic expansion (1.2) is an easy consequence of Theorem 1.2 below. Notice also that Theorem 1.1 is a particular case of Theorem 1.2.
Let m ≤ m 0 , θ ∈ (0, π) and > 0. Then there exists C > 0 such that
for all ζ ∈ Γ θ . Furthermore, the function
is uniformly Hölder continuous in Γ θ .
Using Theorem 1.1 one may define (with
One can prove that indeed
Let F (|x| < C) denote the multiplication operator by the characteristic function of {x| |x| < C} and let κ = (1 + µ/2) −1 . ) and f ∈ C ∞ 0 (R)
Remark 1.4. 1) By time reversal invariance there are similar bounds for t → −∞. 2) Due to (1.7) and Corollary 1.3 (i) the best one could hope for to the right in (1.8) would be the bound O(t −1 ) (for f (0) = 0). Moreover we would expect that t κ is indeed the borderline for this kind of low energy, minimal velocity estimate. In fact there is a sharp analogous bound in classical mechanics, cf. [6] and [20] . We shall outline the proof of Theorems 1.1 and 1.2 in the following sections. Apart from the notation x = √ 1 + x 2 , used above, we will also need the notation p = −i∇ and
The virial W of the potential V is defined by W = −2V − x · ∇V. We recall the (formal) identity i[H, A] = 2H + W . By design of the splitting of V , the assumptions (1) and (3) of Theorem 1.1 yield
so in particular, the virial W is positive in the case V 2 = 0.
Absence of bound states for Schrödinger operators
In this section we present a basic result of independent interest, namely the absence of zero-energy bound states for long range potentials negative at infinity. The proof is a variation of the technique applied in the proof of [19, Theorem XIII.58] of which the present result is a generalization.
The conditions which exclude zero-energy eigenfunctions are given in Assumptions 2.1 and 2.2 below. Notice that the assumptions in Theorem 1.1 are stronger than Assumption 2.2: Take h = r −µ/2 for a small > 0 and s close to 1. Let us specify the notation
Assumption 2.2. The function V can be written as V = V 1 + V 2 , such that: For some s ∈ [0, 1), some R, C > 0 and a positive differentiable function h = h(r) defined on [R, ∞) we have (1) V 1 and V 2 are bounded on |x| > R, and V 1 is negative on |x| > R.
With the above assumptions we can prove the absence of zero-energy eigenstates. 
, and (−∆ + V )ψ = 0 in the sense of distributions. Then ψ = 0.
Extended limiting absorption principles
We introduce that following symbols:
, (3.1)
2) and where the parameters will be specified below.
Let us denote by Op 
Let θ ∈ (0, π) and Γ θ be as defined in (1.4) . Let a 0 and b be as defined in (3.1) with E = |ζ|. Define k = k(x) = x 1+µ/2 . Then the following 5 conclusions, (i) -(iv), hold for H = p 2 +V with all bounds being uniform in ζ ∈ Γ θ :
(i) Let m ∈ N and let > 0 be arbitrary. Then there exists C > 0 such that
(ii) There exists C 0 > 0, depending only on V , such that if supp(F + ) ⊂ (C 0 , ∞) and F + ∈ C ∞ 0 (R), then for all m ∈ N and all , t > 0 there exists C > 0 such that
Then for all m ∈ N and all , t > 0 there exists C > 0 such that
Then for all m ∈ N and all t > 0 there exists C > 0 such that
energy-dependent positivity bounds, given by the Fefferman-Phong inequality in a certain Hörmander-Weyl calculus, play an important role in the proof of the bounds in (ii), (iii) and (iv) for m = 1.
Perturbative argument
Using Theorems 2.3 and 3.1 one may easily prove Theorems 1.1 and 1.2 by perturbative arguments. In this section we will show Theorem 1.1. Let us write for ζ ∈ Γ θ
We shall proceed perturbatively using
First we notice that R 1 (ζ) is uniformly Hölder continuous in Γ θ . If s > 3/2(1 + µ/2) this follows from (3.4a) with m = 2 (showing in fact Lipschitz continuity in this case). If s ≤ 3/2(1 + µ/2) we may interpolate the bounds of (3.4a) with m = 1 and m = 2.
In particular R
To show (1.5) (in the general case) it suffices to show that
This follows from (4.2), the standard limiting absorption principle for positive energies and absence of positive eigenvalues, cf. [16] , [21] and [4, Section 6.5]. Since x s V 2 R + 1 x −s is compact it suffices to show that the equation Using that
≥ 0 we obtain from the calculation
We claim that
We shall prove (4.6) using Theorem 3.1 in a bootstrap argument. 
By (3.4b) and (3.4d) the first two terms on the right hand side of (4.7) belong to x s L 2 where (assuming here φ ∈ x −s L 2 ) s = (1 + )(−t + with the same convention for a 0 and b as above. We use the representation ψ = R − 1 φ of (4.5) and apply (4.10), and conclude that also the third term on the right hand side of (4.7) belongs to x s L 2 with s given by (4.8); so ψ ∈ x s L 2 . From this and (4.4) we learn that φ ∈ x s −1− µ 2 −δ L 2 = x −s−δ+(2+µ) L 2 ; so by taking << (2 + µ) −1 δ we improve the decay of φ by almost a factor x −δ . Iterating this argument leads to s ≤ 0 eventually. We have proved (4.6).
Combining Theorem 2.3 and (4.6) yields ψ = φ = 0, completing the proof of (1.5) in the general case. The Hölder continuity statement of Theorem 1.1 in the general case follows readily by using (4.2) and the known result for R 1 (ζ).
